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September 8, 2026

Part 1
Real

1 Fundamental Theorem of Algebra

1.1 Axler’s proof
Source: |Ax124, p. 125].
Theorem 1.1 (8.8). For ay,...,a, complex numbers, n > 1, an, #0, and P(z) = >}, apz”,
P(z) =0 for some z € C.
PROOF. WLOG assume a, = 1. Let
p = inf |P(2)| (z € C).

For R = |z],
|P(2)] > R" [1 — |an—1|R™" — -+ — |ag| R7"]

which we obtain by dividing the polynomial by z", taking the modulus of both sides, and flipping
signs in modulus distribution, preserving equality /ordering. The right side of the above tends to
o0 as R — oo. Hence there exists Ry such that

|z| > Ry = |P(2)| > p.

Since | P| is continuous on the closed ball at 0 of radius Ry in z, |P(zp)| = p must be attained for
some zg by uniform continuity. Suppose p # 0. Let

Then @ is a nonconstant polynomial, Q(0) = 1, and |Q(z)| > 1 for all z. Write
Q(2) =14 bpzF + - 4 by2", by, # 0.
Let @ be such that ¢ = —1. Then for r € Ry and 7¥|by| < 1,
‘1 + bkrkeike‘ =1— %],

hence A
QUre™) < 1= 1% [Ibe] = 7lbgsa = -+ =" foul ]

But as r — 0, the expression in brackets is greater than 0, implying |Q(rei9)\ < 1, a contradiction.
Hence p = 0, and consequently, P(zg) = 0 for some zy € C. dJ



1.2 Rudin’s proof
Source: [Rud76, pp. 184-185].

PROOF. For p a nonconstant polynomial with complex coefficients and highest-order nonzero
term ¢, 2™, |p(2)|/|z|™ — |em| as |z| — oo implies |p(z)| — oo as |z| — oo. Thus the continuous
function z — |p(z)| has a global minimum at some point ¢ € C. Suppose p(¢) # 0. Define

_p(z+9)
p(¢)

The function z — |g(z)| then has a global minimum value of 1 at z = 0. Write

q(2)

q(2) =14+ ap2® + - + apm2™,

where k is the smallest positive integer such that the coefficient of 2* is nonzero (i.e., aj # 0). Let

B € C be such that
1
k

ay
There exists ¢ > 1 such that
te(0,1) = |q(tB)| < |1 + apt®BF| +t* e =1 —t*(1 —te).
1

Hence for t = 5,
(&

lq(B)] < 1,
contradicting the assumption that the global minimum of z — |¢(z)| is 1, implying p(¢) =0. O

2 Simplexes and Chains

A function f : V' — W between vector spaces is affine if f — £(0) is linear (i.e., translate of a
homomorphism).

We define the standard simplex by

k
CEITED SRS SREY
=1

with the standard basis vectors e; of R¥. The oriented k-simplex
O-:[XO;XL"')X]C]? XZEQk

is the k-surface in R™ given by affine mapping

k k
o <Z aiei> =x0+ Z a;i(x; — Xp).-
i=1 i=1

An affine k-chain I' in an open set £ C R"™ is a collection of finitely many oriented affine k-
simplexes o1,...,0, in E. Then for a k-form w in F,

e
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The boundary of an oriented affine k-simplex o is the affine (k — 1)-chain

k

60’ = Z(—l)j[XO, e an—lan—l-l, e ,Xk]
7=0

(for each element, consider the simplex without the element, and sum these modified simplexes with
alternating sign; see alternating multilinear forms, sequence of minor determinants). Partitioning
sets into simplexes is called triangulation. Any n-cell can be triangulated and hence regarded as
a chain.
For T : E — V a C™ function, £ C R, V C R™ open, and ¢ an oriented affine k-simplex in
FE, the composite function ® = T o g, a k-surface in V| is an oriented k-simplex of class C".
A finite collection of oriented k-simplexes W = (®y,...,®,) of class C? in V is a k-chain of

class C? in V, and for a k-form w in V,
w = w
L2,

for U = > ®;. Further, for an affine chain I' = ) 0; and ®; = T o 0y,

UV=Tol

(ie., T (X 0i) = S Toy).

The boundary 0® of the oriented k-simplex ® =T o ¢ is the (k — 1) chain
0% =T (do),
and the boundary 0¥ of the k-chain ¥ = ) @, is the (k — 1) chain

ov = Z 0,

Let o1 denote the identity mapping of domain QQ™, thence a positively-oriented n-simplex in R™. For
T :Q" — E C R" invertible and C? with positive Jacobian for the interior of Q", if E = T(Q"),
then the positively-oriented boundary of the set E is the (n — 1)-chain

oT = T(0oy),

and denoted by OF.

3 Stokes’ Theorem

For ¥ a k-chain of class C? in V C R™ open and w a C! (k — 1)-form,

/dw—/ w.
U v

(Fundamental quale: changes by w in the interior of a set determine uniquely what w
accumulates on the border of that set.)



4 Closed and Exact
For a k-form w in E C R™ open, if A is a (k — 1)-form in F with
w = d\,

then w is exact in E (note this involves the C? condition; it is the canonical higher form of a form
which already exists in E, so no information is gained by taking the exterior derivative).
For a C' k-form w in E C R" open with

dw =0,

w 1s closed. Hence all exact forms are closed.

4.1 More Theorems

Theorem 4.1 (10.38). For E C R" convex and open, F € CY(E), p € Z4, p <n, and (D;F)(x) =
0 for (p < j <n), there exists a C* function f : E — R with

37]: (x) = f(x), % (x)=0 (p<j<n).
P j

Theorem 4.2 (10.39, Poincaré’s Lemma). For E C R™ conver and open, k € Zy, w a closed
k-form of class C' in E, there exists (k — 1)-form X in E with w = dX (i.e., closed forms are exact
in conver sets).

Theorem 4.3 (10.40). Fork € Zy, k <n, E C R"™ an open set where every closed k-form is exact,
and T : E — U a C? invertible function with U C R™ open, every closed k-form in U is exact in U
(i.e., every closed form is exact in any set which is C?-isomorphic to a convex open set).

5 Lebesgue Theory

A family Z of sets is a ring if A, B € # implies
AUBe# and A\BEeZ,
and is a o-ring if

U 4w € #Z  (which implies () A, € %).

n=1 n=1

Any function ¢ : Z — R is a set function, and is additive if
ANB=0 = ¢(AUB) = ¢(A) + ¢(B)m,
and is countably additive if
A; ﬂAj;,gi =) = ¢ (U An) = Z¢(An)
n=1 n=1

A set is elementary if it is the union of a finite number of intervals (n-cells). Let & denote the
family of all elementary subsets of R”. Then a regular set function is a nonnegative additive set
function ¢ of domain & such that

VAe &, >0 Jclosed F, open G € &, F CACG, ¢(G)—e<¢p(A) <o(F)+e.



A set X is a measure space if there exists a o-ring 9% of subsets X and a nonnegative countably
additive set function u defined over 9. Every subset of X is a measurable set, and every element
of 91 is a measurable space. The sum of two measurable sets A and B is

A+B={z+ylxecAyec B}

Note that

Vm(A+ B) 2 ¥/m(A) + §/m(B),

always, and if a measurable set E C R? is convex,

m((1+MNE) = (1+ N4m(E).

5.1 Integration
An orthonormal set {¢,} is complete if for f € L?(;) the equations

Vn, /quﬁndu:O

imply that ||f|| = 0.

Source: [SS05l p.120]
A measurable function f on R? is locally integrable if

Vr >0, peR% /!f(;r)xBr(p)(x)‘ dx < 00.

A point z € E C R is a point of Lebesgue density of F if
m(By(p) N E)

mB@)

0<r<e peRY e—0, z€ B (p =

Similarly, the Lebesgue set £ of f € L} (R?) is

loc

1
m(B;(p))
Hence points of continuity are members of the Lebesgue set.

A collection of sets {U,} shrinks regularly (have bounded eccentricity) to z if there is
exist some r > 0, p € RY, 3 > 0 with 2 € B,(p) such that

E={zx|0<r<e peR? €0, 2€By(r) =

/ 1£(y) — f(x)| dy = 0}.
Br(p)

Ve, Uy C BT(p) and 5m(Ua) > m(Br(p))

We identify the family of functions K = {Kj | § > 0} as approximations to the identity, where

for all z € R?,
1) Jpa Ks(x)dx =1.

2) Ks(z) < 4.

3) Kg(l’) < xﬁ%a

implying that § — 0 yields fx K5 — f in LP(R?). Then, loosely, as § — 0, K tends to D, the

Dirac delta:
oo ifx=0

D(m):{ 0 ifor0 /D(z)dle.
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6 Trigonometric Functions

For .
E(z) = Z % =€,
n=0
define ) .
C(x) = 3 [E(iz) + E(—iz)], S(x) = % [E(ix) — E(—iz)],
yielding

|E(iz)|? = E(iz)E(iz) = E(iz)E(—iz) = 1, C'(z) = —S(x), S'(z) = C(x),
and for xo the smallest positive number such that C(zg) = 0, define
™ = 2xq,
yielding
E <7;Z> =1, B(mi) = —1, E(2mi) =1, E(z + 27) = E(z).

7 Differentiation

A curve 7 is rectifiable if the sum of distances between adjacent points in a piecewise linear
approximation is bounded. The length L(v) of such a curve is the infimum of the possible bounds.
We then define the variation of a function F : K — C? for compact domain K for a particular
partition to be the sum of distances between adjacent points. F' is then of bounded variation if
all such partitions have a supremum M € R, making R the total variation of f on K. We then
have positive variation Pr(a,z) and negative variation N (a,x) for increasing and decreasing
regions of the partition, respectively, i.e.,

R = Pp(a,z) — Np(a,x)
for real-valued F.

Theorem 7.1 (3.2). If a function F is of bounded variation on K, F is differentiable almost
everywhere.

A function F' of domain [a,b] is absolutely continuous if for every e > 0 there exists 6 > 0
such that

n N
D bk —ar) <6 = > |F(bp) — Flay)| <e
k=1 k=1
for disjoint intervals (ag,br), k =1,..., N. We then have that absolutely continuous functions are

differentiable almost everywhere and integrable, i.e.,
xX
F(z)— F(a) = / F'(y) dy, a<z<hb.
a

Conversely, if f is integrable on [a, b], there exists an absolutely continuous function F' such that
F'(z) = f(z) almost everywhere, where we may take F(z) = [ f(y) dy.

Theorem 7.2. Bounded increasing functions have at most countably many discontinuities.

A function f is Lipchitz continuous if

[f (@) = f(y)] < Kly — z|.



7.1 Minkowski

A parametrized curve z(t) = (x(t),y(t)) is simple if ¢ — z(t) is injective. z(t) is a closed
simple curve if it is injective excepting z(a) = z(b). Finally, z(¢) is quasi-simple if the mapping
is injective for ¢ in the complement of finitely many points in [a,b]. Let T denote the curve (the
image of the parametrization), and I'’ the set of points within an open ball of radius ¢ around some
point of I'. The Minkowski content of I' is then

_om(1?)
M) = lim =55

Theorem 7.3 (4.4). Every quasi-simple curve I' has Minkowski content M iff T is rectifiable, and
M is the length of .

Theorem 7.4 (4.8, Isoperimetric inequality). For Q C R? open and bounded with boundaryT' = 0%,

r)°
4rm(Q) < limsupm( ) .
0—0 20

8 Hilbert

*(z) = {(wi)

o0
Z ;2 < oo}

1=—00
Every separable infinite-dimensional Hilbert space is isomorphic to £2(Z).
The radial limit for a function F' over the unit disc D at point § € [—m, 7| is given by
lim F(re).
r—1-

Theorem 8.1 (3.1, Fatou’s Theorem). For F(re®) bounded and holomorphic on the unit disc, F
has radial limits a.e. 6.

The Hardy space H?(D) is every holomorphic function F on the unit disc D with

1 ™
sup —

2
F(re’g)‘ df < oc.
0<r<1 27 J_x

The Hermite functions hi(x) are defined by the generating identity
o0 k 2
t —(z=— 2
th(fﬂ)g (),
k=0 )

The n'" Legendre polynomial ¢, is given by

eul0) = (1) (1=

A continuous function F' defined on R is almost periodic if it is the uniform limit of elements in
Ho A sequence {f,,} converges weakly to f if ||f,|| =1 for all n, and for all g € H,

<fnkag> = <f7g>'

F = Fp+ Fo + Fy is the Lebesgue decomposition of F' if each function is increasing, F4 is
absolutely continuous, F¢ is continuous with Ff,(z) = 0 a.e z, and Fy is a jump function.

lim
k—o00
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8.1 Operators
If there exists an operator T' € L£(L?(R%)) with

T(f)(z) = y K(z,y)f(y) dy,
then such an operator T is an integral operator with kernel K. Hilbert-Schmidt operators
are operators with a kernel K € L?(R? x R?). By Fubini’s theorem, y > K (z,y)f(y) is integrable
a.e z. We also find easily that ||T'|| < ||K||12(gdyray, and that T* has kernel K(y,z). T € L(H) is
compact if X C #H implies that 7'(X) is a sequentially compact set.

Theorem 8.2 (6.2, Spectral). ForT € L(H) compact, and self-adjoint (i.e., symmetric/Hermitian),
there exists an orthonormal eigenbasis {p}5>, of T, with all real eigenvalues tending in norm to
0 as k — oo.

The collection of eigenvalues above ({A;}) is the spectrum of 7'

8.2 Fourier

The Fourier transform of a function f over R? is defined by

fE& = fl@e ™ dy
]Rd

with inversion

@)= | J©eme de.

The Schwartz class S(R?) is every smooth function f with
o\
xk<> f, k,i€Zy i<d
ox
always bounded on R?.

8.3 Hardy

Let Ct = {2 | z=a+bi,a € R,b € RT} denote the upper half-plane. The Hardy space
H?(C") is defined to be every holomorphic function F over C* with

HF”%I2((C+) = sup / |F(a+ bi)|* dz < .
beRy JR
Theorem 8.3. For f € H*(Ct),
lim F(x + bi) = Fy(x)
b—0
as a limit in the L?(R) norm, and as a limit for a.e. x.

Such a function Fp is the boundary-value function of f. In proving this we may use the
Poisson integral representation

1 Yy
T y2+ 22’

/ f(&)e 2y e2miag ge — / flx —t)P,(t) dt, where P,(z) =
R R

8



the Poisson kernel.
For P the orthogonal projection onto the subspace S of L?, and F the unique element in
H?(C*) with boundary function P(f), then we may compute the Cauchy integral

F(z) = L /) dt, z€ Ct.
2 Jpt — 2

A Fourier multiplier operator T on R is a linear operator on L?(R) determined by a bounded
function m, the multiplier, such that

(TF)(E) = m(&) f(&)-

The orthogonal projection P as defined above would have multiplier characteristic function ().
The Hilbert transform H is given by
I+4:H
2 )

pP=

thence being a Fourier multiplier operator with multiplier
1.
“sign(€).
8.4 Linear PDEs

Define linear partial differential equation

Lu) = f,
where the operator L has

a (0%
4L: o A 9 (o .
Za <8x> aq € C

laj<n

Suppose one seeks to solve this equation with premise that u, f € S§. Then we reformulate the
problem into the algebraic equation

P(&)a(€) = f(¢).
where P(€) is the characteristic polynomial of f defined by

P(§) = > aa(2mig)”

laj<n

since by the Fourier transform identity a solution v € S must be uniquely determined by

Theorem 8.4 (3.2). For Q C R? open and bounded and a linear partial differential operator L of
constant coefficients, there exists a bounded linear operator K on L*() with

LKf)=f

in the weak sense (i.e., w = K(f) is a weak solution to L(u) = f).



We say a differential operator L is elliptic if
|P(&)] > el¢|™ for some ¢ > 0 and all £ sufficiently large.

The Mellin transform is given by

Mf(z) = / feee=tat
0
for functions f of compact support in R.

8.5 Dirichlet Principle

The Dirichlet problem is the search for a function w(z1,z2) for a bounded and open set
Q C R? and a continuous function f : Q2 — C with Au=0in , and u = f on 9.
The Dirichlet integral is given by

D(U):/Q|VU|2:/Q

A function v is weakly harmonic in € if

2 2

o
81’1

ou

871'2 d(El dl‘g.

(u, Ap) =0, p € C(Q).

A continuous function u over 2 has the mean-value property if

1
u(xg) = m(B)/Bu(:E) dz

for every ball B with center x¢ with closure B C €.

Theorem 8.5 (4.2). If u is harmonic in Q, then u satisfies the mean-value property. Also, any
continuous function satisfying the mean-value property is harmonic.

Theorem 8.6 (4.12). For Q C R? open, bounded, and satisfying the outside-triangle condition
(existence of an isosceles triangle whose vertex may be used as outward normal), if f is continuous
on 0X), then the boundary value problem Au = 0 with u continuous in 0 and ulgg = f is always
uniquely solvable.
9 Measure and Integration

A set £ C X is Carathéodory measurable (measurable) if

p(A) = (BN AY) + (B9 0 A)

for every A C X.
An exterior measure (i, on metric space (X, d) is a metric exterior measure if

pc (AU B) = pi(A) + p1(B)

for d(A,B) > 0.
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The Borel oc—algebra By is the intersection of every o-algebra containing the open sets of
X. Elements of Bx are Borel sets. Any measure defined on By is a Borel measure.

An algebra in X is a non-empty collection of subsets of X that is closed under complements,
finite unions, and finite intersections.

For an algebra A in X, a premeasure pg : A — [0, 00| satisfies nullity and disjoint countability.

The product measure between is defined between measure spaces (X1, Mju1) and (XoMoapusg)
w1 X pg on X7 X Xo. We then have an abstract Fubini:

Theorem 9.1 (3.3). For f(z1,x2) is an integrable function on (X1 x Xa,pu1 X p2), we have that
for a.e. xo € Xo, the slice f*2(x1) = f(x1,x2) is integrable on (Xl,,ul),fxl f(x1,22) duy is an

integrable function on Xa, and sz (fX (1, 2) d,ul) dps = lexXz fdur x po.

We may define the Lebesgue-Stieltjes integral for F' an increasing normalized (right-
continuous) function on a closed interval [a, b] extended to R by setting F'(x) = F(a) for z < a and
F(z) = F(b) for z > b with resulting measure p having intervals (—oo, a] and (b, c0) with measure

zero, and
/"f ) du(a x/ f(2) dF (x

for every f that is integrable with respect to u.
A signed measure v on a o-algebra M is satisfies —oo < v(E) < oo for all E € M and
disjoint countable additivity. We then label the function |v| on M the total variation of v by

[o](E) = sup Y [v(E})
j=1

where the supremum is taken over all partitions of E. Then v is o-finite if the measure |v| is
o-finite. A measure v is supported on a set A if v(E) =v(EN A) for all E € M.

Signed measures v and p on (X, M) are mutually singular if there are disjoint subsets A
and B in M so that

v(E)=v(ANE) and pu(F)=u(BNE) foral E € M
and denote such with v 1 u. We then say v is absolutely continuous with respect to p if
v(E)=0

whenever E € M and p(FE) = 0 and denote such with v < u. Note that if f € L*(X, ), then the
signed measure v defined by

W)= [ 1 dn
E
is absolutely continuous with respect to u.

Theorem 9.2 (4.3). For u a o-finite positive measure on the measure space (X, M) and v a o-
finite signed measure on M, there exist unique signed measures v, and vs on M such that v, < p,
vs Ly and v = v, + vs. Further, the measure v, takes the form dv, = fdu; i.e.,

=éﬂ@@@)

11
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Theorem 9.3 (5.2, Mean ergodic theorem). For T an isometry of the Hilbert space H, and P be

the orthogonal projection on the subspace of the invariant vectors of T, let A,, = l(Z-:_Ol T%). Then

for each F € H, A,(f) converges to P(f) in norm as n — oc.

Theorem 9.4 (5.3). For f € L'(X, i), the marimal function

Py = s S k=0 @)

1<m<oo

18 finite a.e. x. Further, there exists A € R such that

ol

pz | () > a}) < = flln@p

for all a > 0.

Theorem 9.5 (5.4, Pointwise (individual) ergodic theorem). For f integrable over X, the averages

—_

m—

> ft()

k=0

Am(f) =

1
m
converge to a limit as m — o0 a.e. x € X.

For a measure-preserving transformation 7 on the space (X, p1), such a transformation is mix-
ing if whenever E and F are measurable subsets, then

u(z~"(E) N F) = u(E)u(F)

as n — oo.

The spectral resolution (or spectral family) on a Hilbert space H is a function A — E(\)
from R to orthogonal projections on ‘H which satisfies that ||E()\) f]| is always an increasing function
of A, there is an interval [a, b] such that A <a = E(X) =0, and A > b = E()), and that E()) is
right-continuous with E(u™)f = E(\)f.

Theorem 9.6 (6.1). For T a bounded symmetric operator on H, there exists a spectral resolution
{E(\)} with

b
T / NAE(N)
SO

b b
T1.9) = [ NdEWL9) = [ AP,

10 Hausdorff, Fractals

For E C RY, the exterior a-dimensional Hausdorff measure of E is given by

my(E) = lim inf {Zk:(diam F)Y| EC kUl Fy, diam F}, < § for all k;} .

FE then has Hausdorff dimension
a =sup{f | mg(E) = oo} = inf{f | mg(F) = 0}

12



and write o = dim F, and say E has strict Hausdorff dimension if 0 < mq(F) < oc.
A function f satisfies a Lipschitz condition with exponent v (i.e., is Holder ~) if

|f(x) = f(y)] < Mz —y|".
The Minkowski dimension of F is
inf{8 | m(E°) = O(6%?) as § — 0}.

Theorem 10.1 (2.9). For S1,Ss,...,S, m similarities, with the same ratio v with 0 < r < 1,
there exists a unique mon-empty compact set F such that

F =8,(F)U---USp(F).

The Radon transform of f is given by

R(f)(t,7) = / Pirf.

Theorem 10.2 (4.5). For f absolutely continuous in RIZ3,

[ RN o) < [ + 11200 |

for a constant ¢ > 0 independent of f.
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Part 11
Complex

[SS03a] A function f is holomorphic (regular) when it is differentiable in the complex sense:

Fe)  tim TEEN = IC)

h—0 h ’

(h € C).

It then follows that for any closed path v in Q C C,

Af@ﬂhza

and for any two holomorphic functions f and g over €2 which are equal in an arbitrarily small ball
in 2, then f = g everywhere in €.
The zeta function is given by

1
C(S) - ~ Ea
and is holomorphic for Re(s) > 1.
The theta function is given by
oo
L :
@(Z | 7_) — Zeﬁzn 7627rmz’
—00

and is holomorphic for all z but only for 7 for Im(7) > 0.
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Part 111
Fourier

[SS03b]

Our investigation is led by the wave equation, which gives us partial differential equations
using cosine and sine, and the heat equation, which gives us the Laplacian.

For a sequence {z,} define the k*" Cesaro mean of the sequence as

1 k-1
O = % Z Tn,
n=0
and the sequence {z,} is Cesdro summable if the limit of the mean as k — oo exists.

The k" Fejér kernel by the k™ Cesdro mean of the sequence of Dirichlet kernels. For {x,}
a sequence of complex numbers, we say such a sequence is Abel summable to s if for 0 < r < 1,

A(r) = Z zpr®
k=0

exists and

lim A(r) = s.

r—1

Every A(r) is an Abel mean of the series.
The Bernoulli numbers B,, are given by

[e.e]
z B, ,
es—1 Z ol ©
n=0
and the Bernoulli polynomials B, (z) by
ze*? " /n
= Bya" ",
e —1 (k) ke
k=0

A sequence of numbers {¢;} is equidistributed if for every (a,b) C [0,1),

py ISR SN 6 e @b} _

b—
N—oo N

Unsurprisingly, for any irrational 7, the set Z - vy (mod 1) is equidistributed in [0, 1).
A Fourier series which skips many terms is a lacunary Fourier series.

11 Transform

Note that for f(z) = =™, the Gaussian,

&) = 1(9).
Theorem 11.1 (1.12, Plancherel). For f € S(R),
LFI =111
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Theorem 11.2 (2.1). For the heat equation and heat kernel

2
?;: = gxz and  Hy(x) = Ks(x), (0 =4mt),

feSR), and
u(w,t) = (fxHe)(z), tERy,

the function u is C*(R,Ry) and u solves the heat equation, and u(x,t) — f(z) uniformly ast — 0.

Theorem 11.3 (2.6). For f € S(R), u(z,y) = (f * Py)(x), u(z,y) € C*(R%) and Au = 0, and
u(z,y) — f(x) uniformly as y — 0.

Define the periodization F' of a function f € S(R) by

F@)= Y flz+n).

n=—oo

Theorem 11.4 (3.1, Poisson Summation). For f € S(R),

S faam) = Y fmenne

The Cauchy problem for the wave equation is given by

ou

u(z,0) = f(x), E(x,()) = g(x),

for f,g,€ S(RY).
Theorem 11.5 (3.1). A solution to the Cauchy problem is

sin(27[€|t)

2mix-§
e d€.
2m|¢]

) = [ ]7(€) cost2aleln + 966

The Bessel function of order n € Z is given by

1 [27 . . .
Jn(p) /0 e'Lpsm967ln9 do.

T o

For the Radon transform R,

R(f)(s,7) = f(s7).

The dual Radon transform is given by
R(F)@) = [ Fla-r.7) dota).

Further, for any f € S(R?),
A(R*R(f)) = —8m°.

16



12 Finite

Consider the group
Z(N)= NZ/N

and the corresponding orthogonal basis for the vector space of Riemann-integrable functions on
Z(N) ,
{eg} — {827rkz0/N}iV:fO1
with inner product
N—
(F,G) = ) F(k)G(k)
k=0

[y

and consequent n'™® Fourier coefficient
| N=t
_ —2mikn/N
an = kz_o F(k)e .

A character e : G — S1(C) on a finite abelian group G is a function such that
e(a-b) = e(a)e(b),

i.e., a homomorphism to the circle group. The trivial (unit) character has e(G) = 1. G is the
set of all characteristics for GG, which is also an abelian group, is called the dual group of G.

Theorem 12.1 (2.3). For V the vector space of complex-valued functions over a finite abelian
group G with Hermitian inner product

1 P
<f7g> = @ Zf(a)g(a)v

acG

the characters of G form an orthonormal family with respect to such an inner product.

13 Dirichlet

Theorem 13.1 (1.10). For every s > 1,
() =115
P

where the product is taken over all primes.

1
10
p*

Theorem 13.2 (2.1, Dirichlet’s Theorem). For q and [ coprime, there are infinitely many primes
of the form I =0 (mod q).

Extensions of characters e € G to all of Z given by

| e(m) if m and ¢ are coprime
x(m) = { 0  otherwise

are Dirichlet characters mod ¢. L-functions are then defined for s > 1 by

— x(n)
ns ’

L(57X) =

n=1

where x is a Dirichlet character.

17



Theorem 13.3 (2.4). Fors > 1,

where the product is over all primes.

For these theorems we make use of the remaining definitions and statements:

1 2. 2k © L'(t,x)
log,, (1 — z) = ; " for |z| < 1, logy,(L(s, x)) = —/s Tlt) dt.

Theorem 13.4 (3.7). If x # xo, then L(1,x) # 0.

Sn=Y_Y F(mn)

The hyperbolic sum of
for m,n € Zy, mn < N,

Sn= Y, (Z F(m,n)>.

1<E<N \nm=k

18



Part IV

Functional
[SST1]
14 P

The Sobolev spaces L} (R?) may be defined as LP(R?) functions with weak derivatives up to
degree k.
If1 <p,qg <ooand % + % =1, then p and ¢ are complex (dual) exponents.

Theorem 14.1 (1.1, Holder). For conjugate exponents p and q, f € LP, g € L9, and fg € L*,

19l < [Ifllzrllgllza-

For X = 7Z equipped with the counting measure, the converse holds:
LP(z)c L%z)  and  |[[fllee <|[[fller ifp<gq.

Theorem 14.2 (1.2, Minkowski). For p € [1,00) and f,g € LP, we have
frgell  and  ||f +glze < |fllze +llglze-

Theorem 14.3 (2.1). The vector space L™ equipped with norm ||-||~ (the essential-supremum)
s a complete vector space.

Theorem 14.4. For finite conjugate exponents p and q,
(LPy =L and  |[v']l(Ley- = llgllLr,

where v' € (LP)* bounded and g € L7 uniquely satisfies v'(f) = [y f(x)g(x) du(z) for all f € LP,
justifying the term “dual” for conjugate exponents.

The isomorphism from a vector space to its dual fails for L°° because injectivity is impossible
from (L*°)*.

A proper hyperplane is a linear subspace of V which arises as the kernel of a non-zero linear
functional on V' (i.e., a subspace which spans V' with the addition of any vector not in V'). We may
define a hyperplane H of parameters v' € V* and a € F with

H={veV|v{w) =a}.
Theorem 14.5 (5.2, Hahn-Banach). For a subspace U of a vector space V and a functionp : V — F

and v, € V* with
) <p(),  Wel

vy can be extended to a v; € V* with

v'(v) < p(v), Vv e V.

19



The dual transformation of an operator T' € L(B1, Bs) is given by
(T*vh) (v1) = vh(Tvr), vh € By, v} € B}, vi € B.
When F = C, the counting measure-converse of the Holder inequality uses f with definition

f(x) = lo(a) ot 2B I)

1 Y
g1l Za

z
Elh

Theorem 14.6 (7.4). For a metric space X, positive v' € C*(X) (WLOG v'(1) = 1), and € > 0,
there exists compact set K. C X with

where sign z =

[0'(0)] < sup [o(x)| +eflv]] Vo€ C(X)

.TEKE

(unnecessary if X is complete and separable), and there exists a unique positive Borel measure [
with

v'(v) = /X v(x) du(zx) Yo € C(X),

where C' denotes the vector space of continuous, bounded functions with the supremum norm, a
result analogous to Riesz representation.

We say an LP space has mixed norm when we have an underlying product space such as
{(z,t)} = R? x R with product measure dz dt and take L} (L%) = LP" to be every function f where

1l = ( / ( [ 1rwop dx>; dt)i < .

Young’s inequality denotes

1 1 1
£ %gllis < fliolgllr whemever =1,

or where for continuous and strictly increasing functions ¢ and 1 defined over nonnegative reals,

@(x):/oxgo(u) du,  and (s /w

we have that
ab < ®(a) + U(b)

for all nonnegative a and b.
The Orlicz spaces are defined by

L® = { f | f is measurable and /

X

_ |f(2)]
!|f\|¢’—Mlé1ﬂ£+/X<I>< i >du§1

for ®(t) continuous, convex, increasing, defined on nonnegative reals, and self-affine (®(0) = 0).

P <‘f](\:;)> dp < oo for some M € R+}

and

20



15 Harmonic

The conjugate function or allied series for the Fourier series of an L? function f represents
the relation
~ 2. sign(n) ;
f(@) ~ Z %eme,

]
n=-—00

having the significance of

1 3 - in 7
2@@Hwﬂ®+mﬁ~g;%e6=F(ﬁ),

where F(z) = .07 a,2™ is the analytic function in the open unit disc given by the Cauchy
projection of f,

F(z) = — ————je" df.
(2) omi Jy it pL do

Theorem 15.1 (2.1, Riesz Interpolation). For an operator T € L(V, 5, V), ) with

[ f]] e /1l e

Lyo={fp+ fq| fp€LP fge L, sup <00, SUp —p— < 00,
P A ! 1T ) e 1T(f) iz
(i.e., T is bounded from L” to L® with norm ~y and from LT to LP with norm §), then T is bounded
from LP to L1 with norm k < v'~t6¢ whenever
1 1—-t ¢ 1 1—-t ¢t
=42 Z="—"4-  and 0<t<L
p a p ¢ B T

The Riesz diagram of an operator T € L(V) is the set of pairs (p,q) in the real unit square
satisfying

wup Ll

1T f| La

for all simple f, making T of type (p, q). Every Riesz diagram is convex, and log ||T'||,— is a convex
function on such a set.

For f € L?(R), the Cauchy projection is holomorphic in the upper half-plane, and we are able
to define the Hilbert transform by

< 00

<Hﬂ@»—/wf@f@“9¥mf@,

i
implying that H? = —I, and that

@) =1im > [ p-n®

e—=0 T |t|>e
Theorem 15.2 (3.2, Riesz). For p € (1,00), the Hilbert transform H over L? N LP has

| H £l v
sup
serenre | fllze

for all f € L?> N LP with a unique extension to all of LP satisfying the same bound.
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Theorem 15.3 (4.1). For f € LP(RY), p € (1, ],

up 17l
sebs 175

< oQ.

For any nonnegative, measurable function F, its distribution function, A(a) = Ap(«), is
defined by

AMa) =m({z | F(z) > a})

for all a > 0.
A bounded, measurable function .# over R? is a p-atom associated to a ball B ¢ R? if .Z is

supported in B, |# (z)|/m(B) < (m(B))% for all z, and [pq 7 (x) dz = 0.
Define the Hardy space for p =1 by

H!(R?) = {f|feL1, f=Y Ark kis an atom, A € F, > [\ <oo}.
k=1 k=1

Theorem 15.4 (5.4). For f € H(R?),

IHe ()Nl )

H(f) € Ll(R), and
I f {2z (may

as € — OQ.

Define the maximal function M for a bounded function ® of compact support and &, =
e 9®(%) and an a function f € L' by

M(f)(x) = sup|(f » ®c)(x)]-

e>0

Theorem 15.5 (6.1). For ® € C}(R?) and M(f) € L*(R?),

M ()l L2 r

feH(RY = su
1 1 exz (ray

We say f € LL (R%) is of bounded mean oscillation (BMO) if

loc

),
Sup ——~ f(x) = fB| dr < 0,
m(B) @) = Tl
for all balls B, where fg = ﬁ Jg f(x) da.
Theorem 15.6 (6.2). For g € BMO, the v' € (BMO)* defined by
V(D)= | f@a) dr. e}
has a unique extension to H! that satisfies

1]} < ellgllBumo,

and every bounded linear functional v’ € (HL)* can be written the same way with

lgllBmo < €[lv/]]-
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16 Distributions

The test functions D(Q2) of the larger class of distributions are functions which belong to
C°(Q), and a sequence {p,} C D converges to a ¢ € D if the supports of the ¢, are contained
in a common compact set, and for each multi-index o we have

0 on — 05 ¢

T

uniformly in x as n — oco. Thence, a distribution F : D(Q) — C*°(Q) is a complex-valued linear
functional which respects convergence. The support of a distribution is defined as the (closed)
set of functions where either

F(p)#0 or JpeMCD, suppy ¢ M.

We denote the vector space of distributions on € by D*(Q2), the dual of the vector space of complex-
valued, indefinitely differentiable functions of compact support in @ C R? open. We get natural
expressions of the Dirac delta function and derivatives of differentiable functions in terms of distri-
butions.

Theorem 16.1 (1.3). For a distribution F' of support C1, ¥ € D of support Ca, the support of
F %1 is contained in C7 + Cs.

In the above we may define F x ¢ as a function of x given by F(1,)(y) = ¢(z — y) or the
distribution determined via (F % 9)(¢) = F(ty * @), with 1), = 1.

F is a tempered distribution if ' € S*. We obtain a natural definition of the Fourier
transform F for a tempered distribution F' as

Fip) = F (¢)
for all ¢ € S. This defines an isomorphism to S*.

Theorem 16.2 (1.7). For a distribution F' supported at the origin,

F= " aud3s
la|<N

s a finite sum.

The principal value for a function is the distribution determined by

. dx dx
polim [ o@)® = pv/Rso@c).

e—0 |$‘26 X X

Then Hf = 1pv (L)« f for f € S, and this distribution pv (1) = %(log z|) = 3 (inO + mjm)

with Fourier transform % sign(x).
A function f(R;léO) is homogeneous of degree \ if f, = f(az) = a*f for all a > 0.

Theorem 16.3 (2.3). For —d < A <0,
T (@)

H A:cH__,withc =
(H)) AH_q-) A ey
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A distribution F' is regular if there exists a function f € C®(R — {0})) with F(p) =
Jga f(x)p(x) dx for all ¢ € D() whose supports are disjoint from the origin. Then f is the
function associated to F.

Theorem 16.4 (4.2). The Fourier transform of a reqular homogeneous distribution K of degree \
1 a reqular homogeneous distribution of degree —d — A, and vice-versa.

Theorem 16.5 (2.5). For a function f € C*(R? — {0}) homogeneous of degree ), if there exists
m such that \ = —d — m, there exists unique F' € (D(2))* of degree A\ which agrees with f away
from the origin iff

/ z*f(x)do(x) =0, and F = Z ca 050
|z|=1

|a|=m

for all |a| = m. If no such m exists, such a unique F ezists always, though of different form.

For a partial differential operator

L= Z aq 0y

la|<m
on C?, a fundamental solution of L is ' € (D(2))* with L(F) = D(z), the Dirac delta.

Theorem 16.6 (2.8). For d > 3, a fundamental solution to A € L(D) is

r(§-)

F(zx)=— i || ~4+2.
2

47

Theorem 16.7 (2.9). For d = 2, a fundamental solution to A € L(D) is
1
F(z) = — log|z|.
2m

Theorem 16.8 (2.10). For L = % — Az, a fundamental solution of L is

Fla,f) = {Ht(a:) >0

0 else

where Hy(x) is the heat kernel.

Theorem 16.9 (2.11). Every linear partial differential equation L on R? of constant coefficients
has a fundamental solution.

For a differential operator L of constant coefficients, a parametrix for L is a distribution Q)
with
LQ =6+,
where the error r € S.

A partial differential operator L = Z‘ al<m an,0% of order m is elliptic if its characteristic
polynomial P has

[P(&)] = clg™

for some ¢ > 0 for all sufficiently large £.
A distribution is regular if it agrees with a C* function away from the origin.
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Theorem 16.10 (2.12). Every elliptic operator has a regular parametriz.

Theorem 16.11 (2.14). For partial differential operator L € L(D(SY)) with a regular parametriz,
Ue (D), LU = f € C>*(Q), we have U € C*°(1).

A C(™-normalized bump function ¢ is a C*° function supported in the unit ball with

sup |07 p(z)] <1
x

for all |a| < n.
We identify Calderdon-Zygmund distributions as tempered distributions with Fourier trans-
forms FA € C* away from the origin with

0%6m(§)] < ¢, 1€
for all .

Theorem 16.12 (3.2). For T € L(S), Tf = fx K, where K is a Calderén-Zygmund distribution,
T extends to a bounded operator on LP(RY) with p € (1, 00).

Identify periodic distributions by (D(T))*, the space of C* period functions on R?, where
T¢ = R?/Z%, the d-dimensional torus.

17 Baire Category

For a metric space (X, d), a set E C X is nowhere dense if the interior of its closure is empty.
We say F is of the first category if F is a countable union of nowhere dense sets in X. Otherwise
it is a set of the second category in X. A set £ C X is generic if its complement is meager (of
the first category).

Theorem 17.1 (1.1). Every complete metric space X is of the second category in itself, that is, X
cannot be written as the countable union of nowhere dense sets.

Theorem 17.2 (2.2). For B a Banach space of continuous functions over [—m, x|, the set of con-
tinuous functions whose Fourier series diverge on a dense set in |—m, | is generic in B.

18 Besicovitch

Theorem 18.1 (5.1). The collection of sets in K of two-dimensional Lebesque measure zero is
generic.

A Hamel basis for a vector space V is a basis of finite dimension.

For a complete metric space (X, d) and a continuous function 7': X — X, an element z* € X
is universal for T if the orbit set {77 (z*)}>2, is dense in X.

Define A,, to be the set of real numbers x such that there are infinitely many distinct fractions
g so that

bt
q

for every integer n > 1. The elements of A = (1, A, are the Liouville numbers.
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19 Probability
The functions {r,} defined by r1(t) = sign(z — 1) and
ra(t) = (2"71¢)

are the Rademacher functions, which are mutually independent (i.e., for any sequence of
disjoint Borel sets in R the measure of their intersection is the product of their measures).

Theorem 19.1 (1.4). For L =2, |ay|?, if L < 00, 30° | anry(t) converges a.e. t € [0,1], and

n=1

if L diverges, then > > | anrn(t) diverges a.e. t € [0,1].

Theorem 19.2 (1.7). For L =322 |c,|%, if L < 00, pn(t) = ron+1(t) if n >0, pp(t) = r_on(t)
if n <0,

[e.e]

fe(0) ~ Z Pn(t)cneme
n=—oo
has L € LP([0,27]) for all p < oo. If L diverges, fi(0) is not the Fourier series of an integrable
function a.e. t € [0, 1].

For functions fi,..., fy, their joint distribution measure is the measure on R? such that
for every Borel set B C R%,

pfrfy(B) =m ({2 | (fi(z),..., fn(2)) € BY}).

Then sequences {f,} and {g,} of possibly different probability spaces have the same joint dis-
tribution if

Mflvva(B) = Iuglv--ng(B)

for all Borel sets B C R".

A measure 7 is invariant if 77!(E) = E almost everywhere, and it is ergodic if there is no
proper subset of X, the measure space, which is invariant under 7.

The Fourier transformation of a distribution measure is the measure’s characteristic func-
tion.

A measure is continuous if each point has measure zero.

A sequence {s,} of integrable function on X is a martingale sequence if

sk = Eg(sn)

whenever k£ < n. A martingale sequence is complete if there is an integrable function s., with
s = Eg(seo) for all k.

Theorem 19.3 (2.18). (Random walk) If d < 3, the random walk is recurrent (i.e., almost all
paths return to the origin for infinitely many n). Otherwise, a.e. path returns to the origin at most
a finite number of times, and there is a positive probability that the path never returns to the origin.

The Walsh-Paley functions are defined on [0, 1] and denoted by {w,}. They are constructed
by setting wo(t) = 1, wi(t) = r1(t), wa(t) = ro(t), and ws(t) = ri(t)re(t). Then for n > 1,
n= Zle 2k where 0 < ky <--- < kg, and

12
wn(t) = [ iy (1),
j=1
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The dyadic expansion « € [0, 1] with
o0 .
a:ZIQ';,, l'jE{O,l},
j:

is normal if it has a density of 1s equal to the density of 0s. We say a sequence { f,, }22, of functions
on X is called a discrete stationary process the joint probability distribution of f;, fr41,..., fren
is independent of r for every N.

20 Brownian

For a metric (probability) space (€2, P) and the function B; : Q — R? defined for all ¢ € [0, c0),
the Brownian motion process B, = B;(w) has

1) Bp(w) =0 a.e.
2) The increments are independent.
3) The increments By, — B are Gaussian with covariance hl and mean zero for ¢ € [0, c0).

4) For a.e. w € ), the path ¢t — By(w) is continuous for ¢ € [0, 00).

A measure W on P (the space of measures of paths with a canonical (2) is a Wiener measure
if By(p) = p(t) is Brownian.
For every sequence 0 < t; <--- <t and a Borel set A C de,

{peP|(ptr),...,pltr) € A}

is a cylindrical set. Borel measures are then measures on the Borel subsets of P.
The section p(“1-t) of 11 is the measure on R% given by

plr 9 (B) = p({p € P | (p(tr), .., p(t)) € BY)
for Borel measures B.
Theorem 20.1 (3.1). The measures un on P converge weakly to the Wiener measure as N — oo.

Theorem 20.2 (4.1).

1) %Bw for every fixed § > 0,
2) T(B) for T € L(RY), and
3) Bito, — By, foro, >0

are all Brownian motion processes.

Theorem 20.3 (4.2). For the Wiener measure W on P, if a € (0, %),

sup Ip(t + 1) —p(®)] _

he(0,1] he
te[0,T]
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For a martingale sequence {s, } 7, associated to the increasing sequence {.A,,}°°, of o-algebras
on the probability space (X, m), the function 7 : x — F is a stopping time if

{w|71(w) <t} e A
for all n > 0. For a subset A, 7 is a stopping time relative to A if
{reAl7r(x)=n} C A,

for all n.
For the stopping time
8 (w) =inf{t > 0| Bf (w) ¢ R},

if {7¥(w) = 0} has measure 1, z is a regular point at the boundary.
Theorem 20.4 (5.3, Strong Markov). For a Brownian motion by and stopping time o
B;(w) = Bt-‘ra(w) (w) - Ba(w) (W)
is also a Brownian motion independent of A,.
With BY (w) =y + Bi(w) and 7¥%(w) = inf{t > 0 | B (w) ¢ R} we have the stopped process
Ef(w) =yt Bt/\Ty(w) (W)
with t A 7¥(w) = min{t, 7¥(w)}.

Theorem 20.5 (5.5). For o and 7 stopping times with o(w) < 7(w) and bounded Borel function
F on R,

/Q F(Ba(w)th(w)) dP(w) = / /Q XQF(B,?(”’)(M)) dP(w)dP(w')

for allt >0 and y(W') = Ba(w/)(w’). Alternatively,

9

Eu, (f(Bo)s) = /Q f(By(w) + x) dP(w)

‘T:Ba(w’)(w,)
and
[ F (Brorn@) aP@) = [ [ F(B)0)) dP()apw)
A AJQ
whenever A € Ag.
Theorem 20.6 (6.1). For

u(z) = [ f(y) du™(y),
OR

u 1s harmonic and u(z) — f(y) as x — y if x € R and y is a regular point of OR.

A truncated cone I' is the open set

I'={yeR| |yl <aly-v), |yl <

for v a unit vector, & > 1 and § > 0 fixed.
A bounded open set R satisfies the outside cone condition if whenever x € OR there exists
a truncated cone I' so that x + I is disjoint from R.
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Corollary 20.7 (6.3, Dirichlet Analogue). If R satisfies the outside cone condition, and f is a
continuous function on IR, there exists a unique function u which is continuous in R and harmonic
in R with ulpr = f.

A bounded open set R has a Lipschitz boundary if OR can be covered by finitely many
balls so that for each such ball B, the set 9R N B can be written as xq4 = p(x1,...,24_1) where ¢
is a function that satisfies a Lipschitz condition.

21 Several Complex Variables
P,(z") denotes the polydisc
P.(2%) = {2 = (21,...,20) €C" | |2 — 25| < rj for all j € [0,n]},
while C,.(2°) denotes the product of boundary circles
Col2) = {2 = (21,1 20) €T [ 25 — 20 = 15 € [0,1]},

and z® denotes the monomial

where «o; € N.
The Cauchy—Riemann equations are

— =0
0z
where (3f / o/
et d 2 = 2: + s
7% =2 (o, iy, ) 5=t
I'j,ij]R.

Theorem 21.1 (3.3). For Q C C"22 bounded and K C Q compact with Q2 — K connected, any
function Fy analytic in Q@ — K has an analytic continuation into 2.

For Q C R?, a definition function p : R* — R of  has

p(x) <0, whenz € Q,
p(x) =0, when x € 99,
p(z) >0, whenzeQ°

The boundary of Q is of class C* if  has a defining function p with
p € C*RY) and |Vp(z)| > 0

if z € 09.
M is a hypersurface of class C¥ if there exists p: B C R? — R of class C* with

M={x € B|p(x)=0} and |Vp(z)|>0

if x € M.
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A function fy defined on 09 is of class C* if there is an extension f of fy to R? so that f is
class C* on RY.
Vector fields on C" expressed as

3 (a1 + i) )

=1

are Cauchy—Riemann vector fields (i.e., annihilate all holomorphic functions). Such vector

fields are tangential if
n

D aj(2)pi(2) =0,

j=1
where p;(z) = 5%
Theorem 21.2 (4.1, Bochner). For Q c C" with boundary of class C° and C° connected, if Fy

is a function of class C3 on O satisfying the tangential Cauchy-Riemann equations there exists a
holomorphic function F on Q which is continuous on §) such that F|goq = Fp.

The Levi form of {2 at a boundary point zg is the Hermitian matrix

{0}
— (20 .
0z; 0z, 1<j,k<n—1

The boundary point zg is pseudoconvex if the Levi form is positive semidefinite, and strongly
pseudoconvex if the Levi form is positive definite.
A continuous function f satisfies the tangential Cauchy—Riemann equations in the weak sense

if
/ FLY(Y) dZ'dx = 0
Cr—1xR

for all ¢» € C! with sufficiently small supports, and
_of of

'
— J A=
07 0Zy,

L;(f)

where a; = L5 and
Pn

(oY 1 0(a;¥)
Lg.(y))__(a?j_? 6;n )

Theorem 21.3 (7.1). For M C C" a hypersurface of class C? defined near 2° € M, with zy having
been brought to the origin after a complex affine-linear change of coordinates thus representing M
by

M ={z= (<, zn) | Im(z,) = ¢(2', 20) },
there exist open balls B!, and B,o with B’ C B such that if F : M N B — C satisfies the tangential
Cauchy-Riemann equations in the weak sense, then F' can be uniformly approximated on M N B’
by polynomials in z1, ..., 2n.

Theorem 21.4 (7.5). For a Levi form with at least one strictly positive eigen value for each z € M,
for every z° € M there exists a ball B”ZO such that if Fy : M — C is a continuous function on M
which satisfies the tangential Cauchy—Riemann equations in the weak sense, there exists an f which
is holomorphic in Q_ N B’ and continuous in Q_ N B" with F(z) = Fy(z) for = € M N B'.
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22 Upper half-space
Define the upper half-space U/ C C™ by
U=1{zeC"|Im(z,) > |7*}

with z = (2/,2,,) and 2’ = (21,...,2,-1). Note that U is holomorphically equivalent with the unit
ball via a fractional linear transformation

1— Zp 212y,

; Wi :
i+ 2z, i+ 2z,

wy, = ke[n—1].

The Hardy space H?(U) is then every holomorphic function in ¢/ F with

sup/ |F(z',zn—|—2’e)‘2 df < oo.
>0 Jou

It is also a Hilbert space.
Define the Cauchy integral in I/ by setting for each z,w € C"

T(Z,’LU) = %(@n—zn) — 2w

as well as
S(z,w) = cpr(z,w)™ "
where ¢, = %. Then the Cauchy integral C(f) is
CHz)= [ Sz w)f(w)db(w)
ou
for z e U.

Theorem 22.1 (8.7). For U a distribution defined on C x R with L(U) = f in a neighborhood of
the origin, C(f)(z) must have an analytic continuation to a neighborhood of 0.

It then follows that there exist non-solvable differential equations L(U) = f near the origin
though f € C*°.

A domain of holomorphy is a region 2 such that there exists a holomorphic function F' so
that for every 20 € 99, F cannot be continued into some ball centered at 2°.

Theorem 22.2 (Problem 5). For Q a domain of holomorphy with boundary of class C?, Q is
psuedoconvex. Further, if Q is psuedoconvezx, then it is a domain of holomorphy.

Theorem 22.3 (Problem 6). For f a distribution of compact support with C(f)(z) analytic near
2=0, L(U) = f is locally solvable near the origin.

23 Oscillatory Integrals

The averaging operator A is defined by

AN = s [, e =) doty)
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with do the induced measure on %1,
An oscillatory integral I(\) has form

() = / () do,

where @ is the phase and 3 the amplitude.
For the representation of a C4t2 hypersurface M by

M ={(2',24) € B| 24 = p(z')}

where B is a ball centered at the origin and ¢ € C* self-affine with V,p(z')|y—o and defin-
ing function pi(z) = p(2') — x4 of canonical normalization |Vp| = 1, the curvature (second
fundamental) form of M at z € M is

2

Z gkﬁjax 81‘ ( )

i<k,j<d

defined only for vectors > AL 7., tangent to M at z. Via rotation in ' € R?! space and relabeling

of coordinates
Z)\ 2+ O(]2']3)

for which the eigenvalues ); are the principle curvatures of M at 20 and the determinant the
total (Gauss) curvature of M. Then with the induced Lebesgue measure on M do, for any

continuous function f on M of compact support with continuous extension F' into a neighborhood
of M,

/ fdo = / @ o) (1 + [Varpl2)F da,
M Rd—1

where du is a surface-carried measure on M with smooth density if dy = ydo with ¥ € C*°
and of compact support.

Theorem 23.1 (3.1). For a hypersurface M of non-vanishing Gauss curvature at each point of the
support of du,
1))

Theorem 23.2 (4.1). For du with Gauss curvature non-vanishing at each point x € M in the
support of du,

dn(€)l € O (

as €| — oc.

A: L2(RY) — L2, (RY),
2

and A extends to some T with

T € L(LYT (RY), LHHY(RY)).

Define an analytic family of operators by a linear mapping T : Lsimple(]Rd) — Lioe(RY)
with

wo) = [ TNgde
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continuous and bounded in S and analytic in the interior of S for any simple functions f and g for
every s € S = {Re(s) € [a,b]}, and

sup [[Tayit(f)llzoo < Mol[fllLeo,  sup [[Topie ()l o < Mal[fl[ze
teR teR

The (LP, L7) restriction is defined by

1

F©)1 du(€) )" < cllfllpoee)-
(e anco)

Theorem 23.3 (5.2). For local hypersurface M of nonzero Gauss curvature at each point in the
support of du, the
2d+2
(£55.22)

restriction holds.

Theorem 23.4 (6.3, Strichartz estimate). For u(z,t) = ¢"2(f)(x), f € L*(R%),

e, )1, 2t g < €l ey

d \3
Theorem 23.5 (6.4). The solution eldx) (f) satisfies

ullse) < |l fll o).

Define the solution operator S for the non-homogenous Schrodinger equation %%—? —Au=F
with u(z,0) = 0 by

S(F)(w.t) = i /0 =98P (. o ds.

Theorem 23.6 (6.7).
1S(F)

2 g < €PN 2t ety

The rotational matrix M of p € C®°(R? x R?) is given by

O . Op

P By Oya
o
— | 9=

M = : o ,
: 0y;0xy,

o
Ooxg

and the rotational curvature rotcurv(p) by det M.

24 Lattice Points

Let 72(k) be the number of representation of k as the sum of two squares and d(k) the number
of divisors of k. Identify immediately that

3 ©

ro(k) = 7p+O(/p) and Y d(k) = plogp+2(y — Dp+ O(/n)
k=1 k=1
as pu — oo.
A set Q is strongly convex when the quadratic (second fundamental) form is strictly positive
definite at each point of the boundary of €.
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Theorem 24.1 (8.4). For Q C R® with sufficiently smooth boundary and strongly convex with
0e€Q,
2d
NR:R%mn+O(H*ﬁQ

as R — oo, where Ng counts the amount of lattice points in {Rx | v € Q}.

Define the hyperbolic measure on R? d by

<E>=/0°°><E(u,i>idu

for every Borel set E C R?.

Theorem 24.2 (8.5).

1
> ﬂk)Zuk%u+-@7—1ﬂr+0<u3bgu)-
1<k<p

For a local hypersurface M in R? with a smooth vector field v for the neighborhood of a point
xg € M, the Gauss map x — v(z) is a unit normal vector of M at each x € M.
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