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1 Introduction

A partial differential equation (PDE) of order k € N is an expression of the form
F(x,u(z), Du(z). ..., DFu(z)) =0,

where x € Q C R" open, u : @ - R, and FF: Q x R x R” x--- x R™ — R. A linear partial
differential equation has form

Z ao(x) D% = f(x)

laf<k

and is homogeneous if f = 0. A semi-linear partial differential equation has form

Z ao(z)D% + ao(D*Yu, ..., Du,u,z) = 0.
|a|=k

A quasi-linear partial differential equation has form

Z ao(D¥ Y, ..., Du,u, 2) D%+ ag(D*tu,. .., Du,u,z) = 0.
la|=k

A k*P-order system of partial differential equations has form
F (Dku(:n), DFlu(z),..., Du(z), u(:v),a:) =0

with unknown u: U — R™.

2 Quintessential Linear PDEs

2.1 Transport

The transport equation with constant coefficients is modeled by
ur+b-Du=0,

with b € R",u : R x [0,00) — R, and u = u(x,t). Notice that for a reparameterization of u by
a single variable we can identify a function with derivative 0 in the reparameterization. For an
initial-value problem version, where u = g for (z,¢) € R" x {t = 0}, we deduce

u(z,t) = g(z — tb),



the weak solution (g is not necessarily differentiable). In the non-homogeneous case
ur+b-Du=f,

the same reparameterization, algebra, and elementary calculus yield

u(z,t) = g(x — tb) + /0 flz+ (s—1t)b,s) ds.

2.2 Laplace
Laplace’s equation is modeled by
Au=0
and Poisson’s is modeled by
—Au=f.

The fundamental solution of Laplace’s equation is given by

Theorem 2.1 (1). For u(z) = [g. ®(z —y)f(y) dy,
—Au = f.
Theorem 2.2 (2). For Au =0,

. |
(o) = WWABT(x)udS: m(Br(fv))/BT@Udy

for every ball B,(x).

Theorem 2.3 (4, (Strong) Maximum Principle). For u € C?2(U)N C(U) harmonic,

maxu = maxu,
T U

and (strongly) if U connected, there exists xo € U such that

u(zg) = maxu = Du =0
U

in U.
The (Strong) Minimum Principle is the above with max replaced by min and u by —u.

Theorem 2.4 (5, Uniqueness). For G € C(0U) and f € C(U), there exists at most one solution
u e C*(U)NCU) of
—Au=f inU
{ U=y on OU

Theorem 2.5 (6, Smoothness). Harmonic functions are smooth.



Theorem 2.6. For u harmonic,

o Ck
|D%u(z0)| < WHUHD(BT(Q:O)),

where
1 - (2n+1nk)k

m(B1)

for every ball B, (xg) C U.
Theorem 2.7 (8, Liouville). For u bounded and harmonic,
Du = 0.

Theorem 2.8 (9, Representation formula). For f € C? (R”Z?’) , every bounded solution of Poisson’s
equation has form

u(w) = [ @)1 dy+C
for some constant C.
Theorem 2.9 (11, Harnack’s Inequality). For a connected, bounded open set V C U,

supu < Cyinfu
v \%4

for every nonnegative harmonic function u in U.
Define Green’s function by
G(r,y) =y —7) — K (y),
where K,(y) is a Dirac kernel supported in By(z).

Theorem 2.10. For u € C? (U) a solution to Poisson’s equation,

oG
uw) == | o5 @) d5w)+ | FwGlay) du,
ou v
where v is the outward-facing unit normal vector on OU.

For x € R?ﬁm
x

[]?

is the point dual to X with respect to 9B1(0), and = — Z is the inversion through the unit sphere
0B1(0).

Theorem 2.11 (15). For

T =

_ Pz 9(y)
u(z) = /a dS(y)

nm(B1)r Jap, (o) |z — yI”
with g € C(0B,(0)),

ue C™®(B7%0)), Au=0 in BfO(O)), and lim  u(z) = g(2°), 2°<caB,.(0).
z€Br(0)—xo

Define the energy functional
1
Iw] = / ~|Dw* —wf dz,
U2

where w belongs to the admissible set

A={weC*U)|w=gondU}.



2.3 Heat

The heat equation is defined by
u— Au=0

with nonhomogeneous variant

— Au = f.

The fundamental solution u has optimal special structure

= (3

given by a heat equation invariant under the dilation scaling
w(z,t) = Nu(Nx, \).
The fundamental solution to the heat equation is given by
1
(47Tt)?6_%

and the fundamental solution to the nonhomogeneous problem is given by

t 1 Jo—yl2
u(z,t) :/0 m/ne L f(y,s) dyds.

Define the parabolic cylinder
Ur=U x (0, T]
so that its boundary I'r does not include the top.
Define a heat ball by

1
) — +1
E(x,t,r)—{(y,s)e]R” | s <t, q)(xy,ts)zrn}'

Theorem 2.12 (3). For u € C3(Ur) a solution to the heat equation,
2
u(z,t) // lz=yl® dyds
T4 B(z,t;r) t (t—s)?
for E(z,t;r) C Ur.

Theorem 2.13 (4). Foru € C} (UY)NC (Ur) a solution to the heat equation,

maxu = maxu,
UT 1—‘lT

and if U is connected,

u(xg,to) = maxu = Du =0
Ur

fort =ty.
Theorem 2.14 (9). For every pair of natural numbers (k,1), there exists a constant Cy; such that

Ck,l
maxC’(a:, )‘Dth’ m“““ﬂ C(z,t;r))

for C(z,t;5 C C(x,t;r) C Ur and u a solution to the heat equation in Ur.



2.4 Wave

The wave equation is given by
Ut — Au = 0

with nonhomogenous variant

uy — A = f.

For n = 1, the solution is given by d’Alembert’s formula

1 1 T+t
u(e.t) = 3lole+0) + 9o =0+ 5 [ hw)dy
2 2 z—t
For n = 3, the solution is given by Kirchoff’s formula

1
du(z,t) = @B /E)Bt(x) th(y) +g(y) + Dg(y) - (y — x) dS(y).

For n = 2, taken as a special case of n = 3 (via method of descent), we have Poisson’s

formula )
1 1 D Ay —
w(z,t) = = - / tg(y) + t°h(y) + tDy(y) - (y — x) a.
2 m(B(z)) JB, (@) (2 — |y — z?)
Generally, for n = 2k + 1,

o= (8 68 (s o)) (s o)

where

)

k

= [J(2i+1).
i=0
Generally, for n = 2k,

w212

where
k
Yn = H 2k.
i=0

That disturbances originating at some x propagate along a sharp wavefront in odd dimensions
but continue to affect the field after the leading edge of the wavefront passes in even dimensions is
Huygens’ principle.

Theorem 2.15 (4). For n > 2, a solution of the nonhomogeneous wave equation is given by
t
u(x,t) :/ u(z,t;s) ds
0
where

58) =0 in R™ X (s,00)
;8) = f(-,8) onR™x {t=s}.



The integrant on the right of

1 ~y —
(e, ) :/ fly,t — |y — =) .
AT ) By (a) ly — z|

a solution to the wave equation for n = 3, is a retarded potential.

Theorem 2.16 (5). There exists at most one function u € C? (UT) which solves

uy — Au=f in Urp
uU=4g on I'r
ug =h on U x {t =0}.

Define the cone
Cxg,tg = {(:U,t) ‘ t e [O,to,], d(x,l’o) < d(to,t)}.

Theorem 2.17 (6). For u=u; =0 on By, (xp),

U(Cm+07t+0) =0.

3 Nonlinear First-Order PDEs

Use notation such that
F(Du>u7x) :OZF(p,Z,.’IJ) :F(pb"'apnzaxl:"'vxn)v

and
D,F = (Fp,,..., F},)
D.F=F,
D F = (Fyy,..., Fy,).

3.1 Complete Integrals and Envelopes

Use notation such that
Ugy  Ugiay " Uzpay

(Dau, D?Eau) =
Uqa, Uzian, *°° Uzpap
A u(z;a) € C?(U x A) is a complete integral in U x A if
u(x; a) solves the PDE F(Du,u,z) =0 Va € A

and
dim (Dau, D%au) =n

everywhere.
For u(z;a) € CY(UxA), Dyu(z;a) = 0 solved for the parameter a = ¢(x) € C! so Dyu(x; ¢(x)) =
0, the envelope of the functions {u(-; a)}aeca is

() = u(x; ¢(x)).

The envelope v may be called the singular integral of the PDE F(Du,u,x) = 0.



Theorem 3.1 (1). For u = u(-; a) solves the PDE F(Du,u,x) for all a,
the envelope v solves the PDE also.

Use notation
a=(a,...,a,) = (a',ay).

The general integral for C' 5 b/ : A ¢ R"~! — R is the envelope v'(x) € C! of the functions

u'(z; d') = u(z; o, h(d)).

3.2 Characteristics

The characteristic equations of the nonlinear first-order PDE F(Du, u,z) = 0 are given by

P(s) = =Dz F(p(s), 2(s),x(s)) — D-F(p(s), z(s),x(s))p(s)
()— I (p(55), 2(s5), %(5)) - P(s)
x(s) = DpF(p(s), 2(s), x(5))-

The characteristics are p(-),

), z(+), and x(+), and (-) is specifically the projected character-
istic of the full characteristics (p(-), z

2(),
),2(-),x(+)) € R*"*! onto U C R".

Theorem 3.2 (1). For u € C*(U) a solution to the nonlinear first-order PDE F(Du,u,x) = 0 in
U, x() a solution to the ODE x(s),

p(-) solves the ODE p(s) and z(-) solves the ODE %(s)

where x(s) € U.
Define the compatibility conditions
pi(0) = g (x0), @ <n, and  F(p(0),2(0),(0)) =0,
where z(0) = g(x(0)) makes the compatibility conditions admissible.

Theorem 3.3 (2, Local Existence Theorem). For u(x) = z(y(z), s(x)) and p(z) = p(y(z), s(x)),
where © = x(y, s) and y = y(z), and s = s(x),

u solves the PDE F(Du(x),u(z),z) =0 with boundary condition u(z) = g(x).
Define the Lagrangian L : R” x R — R a smooth function with
L=L(qg,x) = L(gn,---,qn,T1,---,Tp)
and

{ DqL = (qu' "an)
DL = (Lxl--~Lmn)

Define the action functional by

for functions of the admissible class

A={w(:) e C*([0,tR") | w(0) =y, (1) =z}.



Theorem 3.4 (1). For the system of Euler-Lagrange equations

L (DyL(x(5),x(5)) + D Lk(5), x(5)) = 0,
x(s) is a solution.

The Hamiltonian H for a Lagrangian L is

H(p,z) =p-da(p,r) — L(q(p, x), ),

where q(-, -) is defined implicitly by the hypothesis that p = DyL(q,x) is uniquely solvable for ¢
as a smooth function g = q(p, ).

Theorem 3.5 (2). For Hamilton’s equations

x(s) = DpH(p(s),x(s))
p(s) = —D.H(p(s),x(s))

and solutions x(-) and p(-), and the mapping
DLH(p(s),x(5)) = 0.

Suppose the Lagrangian L is now convex with limg_;q L@ — . The Legendre transform

lq|
of L is given by !
H = L*(p) = sup{p-q— L(q)}-
q

Theorem 3.6 (4, Hopf-Lax formula). The solution of the minimization problem

t
ate,t) =int { [ L) ds 4 900) | w(0) ~ pow(t) o}

0

s given by
. r—y
u(z,t) = miny {tL (t) + g(y)} :

Theorem 3.7 (5). For u given by the Hopf-Lax formula differentiable at (x,t),

ut(z,t) + H(Du(z,t)) = 0.

A function H € C? is uniformly convex if

n

Z Hpi,Pj (p)fzfj > 0|£|2

i,7=1

for some § € RT for all p, £ € R™.
A Lipchitz continuous function w is a weak solution of the initial-value problem if

w(x + z,t) — u(z, t) + ulz — z,t) < C <1 + 1) |22

for some constant C' > 0, u(z,0) = g(z), and w(x,t) + H(Du(z,t)) =0 a.e. (x,t).



Theorem 3.8 (7). For H € C? and g Lipchitz continuous, there exists at most one solution to the
initial-value problem.

A v e L™®(R x (0,00)) is an integral solution of

us + F(u), in R x (0,00),
u=g on R x {t =0}

/ / uv F(u)vy, dzdt +/ gv dzx|i= =0
0 —o00 —00

for every test function v € D(U).
The Rankine—Hugoniot condition refers to

F(u) — F(uy) = $(u; — uy),

where the subscripts [ and r refer to the respective limits, and $ the speed of the curve C.
A curve of discontinuity for u is a shock if both the Rankine-Hugoniot identity and entropy
condition,
F'(w) > § > F'(u,),

hold.
Let

Theorem 3.9 (1, Lax-Oleinik formula). For F' : R — R smooth, uniformly convez, and G €
L>(R), there exists for all but at most countably many © € R a unique point y(zx,t) with

miny € R {tL (T’) + h(y)} — 1L (”C_yt(“)) + h(y(z, 1))

u(z,t) = 8% [miny € R{tL <$t_y> n h(y)H _ <(F’)—1 (W))

1s an integral solution of the initial-value problem.

and

A function u € L*(R x (0,00)) is an entropy solution of the initial value problem if it is an
integral solution and

1
u(z + z,t) —u(x,t) < C (1 + t> z
for some constant C' > 0 a.e. z,z € R, z > 0.

Theorem 3.10 (3). For F convex and smooth, there exists at most one entropy solution to the
initial-value problem.

The initial-value problem with piecewise-constant intial function

(z) = w;  if x <0,
g\r) = ur ifx>0

is Riemann’s problem for the scalar conservation law, where u;, u, € R are distinct initial
states.



Theorem 3.11 (4). For u; > u,, the unique entropy solution of the Riemann problem is

T
u(x,t):{ w <,

urif T >,
where
_ Flu) = Flu,)
u = Uy

otherwise, the unique entropy solution is

uy Zf% < F’(ul),

u(z,t) = ¢ G(3) if F'(w) < § < F'(ur),

ur if $> F'(uy).

Theorem 3.12 (5). For an entropy solution u to the initial-value problem posed, there exists C' > 0
such that

! \/Z‘

Define an N-wave with constants p,q > 0, d > 0, and velocity o by the function

N(x,t):{ %l(%—a) if —/pdt < x < ot <+/qdt,

0 else.

Theorem 3.13 (6). There exists C such that

o0 C
/|w»w—waums¢t

oo

4 Representing Solutions

4.1 Similarity Solutions

A solution v to a PDE of the form
u(z,t) = v(x — ot)

is a traveling wave with speed ¢ and profile v, and in general
u(x,t) =v(y - x — ot)

is a plane wave with wavefront normal to y € R™ and velocity Icyi\
A solution u to a PDE of the form

u(z,t) = cHyztwt)

has frequency w and wave numbers {y;}? ;.
Define Airy’s equation by
Ut + Uggr = 0.

The quality of waves of different frequencies propagating at different velocities is dispersion.

10



Schrodinger’s equation is given by
iug + Au = 0.
The Kortewg—de Vries (KdV) equation is given by
up + 6uty + Uprr = 0.
A solution u to a PDE of form u(x,t) = v(x — ot) with
v, v, v =0

as |s| — oo is a solitary wave, and a solution of form

u(z,t) = % sech? (\f(x — ot — c)>

is a soliton.

In a dynamical system, a heteroclinic orbit is a solution to PDEs which starts at one equi-
librium point and ends at another.

The porous medium equation is given by

u — A(u”) =0
with u >0, v > 1.

4.2 Transform Solutions

The Laplace transform of u € L*(R, ) is given by

u (s) :/ e Stu(t) dt
0
for s > 0.

4.3 Nonlinear to Linear

The Hopf—Cole transformation is given by

w=expy — ¢,
a
where w = ¢(u) is a smooth function.
The hodograph transform refers to the process of converting particular quasi-linear systems
of PDE into linear systems by reversing the roles of dependent and independent variables.
The Legendre transform refers to the hodograph transform with the inclusion of the gradient
of a solution as new, independent variables.

11



4.4 Asymptotics

A singular perturbation is the modification of a PDE by adding the product of some error ¢ and
a higher-order term.

Homogenization theory studies the effects of high-frequency oscillations in coefficients upon
the solutions of PDEs.

For the equation

ok 1
Z — Z aoD%u+ag| ,
Oxy a(0,...,0,k) A (0, 0.k)
|e|=k

the plane I' = {z,, = 0} is noncharacteristic for

if a(,... k) is nonzero for all values of its arguments.

Theorem 4.1 (1). For T’ noncharacteristic of the PDE as above and u a smooth solution satisfying
the Cauchy conditions, all partial derivatives of u along I' in terms of I' are computable, as well as
functions go, ..., gk—1 and coefficients an(|a] = k), ap.

5 Sobolev

The Sobolev space
whe(U)

is every locally summable scalar function u such that for each multi-index o with |a| < k, D%
exists in the weak sense and belongs to LP(U).
Define the a'* weak partial derivative of u € L{ (U) to be the v such that

loc

/UUD% dx:(—l)lo‘/Uvqb dx

for all test functions ¢ € D(U).
Let
k7
Wyt (U)

be the closure of C®(U) in Wk (U).

Theorem 5.1 (Trace). For U bounded and OU € C!, there exists a bounded T € L(WP(U), LP(0U))
with
Tu =ulpy, ueWHU)NC(U)

and
1T ul| ooy < Kpullullwre(U), uwe WHP(U)

for some constant Cp, 7. Tw is then the trace of u on OU.

Theorem 5.2 (2). For U bounded, OU € C', and u € WHP(U),

uEW(}’p(U) < Tu=0 onoU.

12



5.1 Inequalities

For 1 < p < n, the Sobolev conjugate of p is

np
px = )
n—p
ie.,
1 11
P p n
for p* > p.

Theorem 5.3 (Gagliardo-Nirenberg-Sobolev inequality). For 1 < p < n and u € CX(R"), there
exists a constant C,,, with
[ullpor (R™) < Gyl Dull Lo n)-

Theorem 5.4 (2). For u C R" open and bounded, OU € C', 1 < p < n, u € WHP(U), we have
that u € LP"(U) with

1wl Lox 0y < Cp,n,UHUHWLP(U)
)

for some constant Cpp 1.

Theorem 5.5 (3). For U C R"™ bounded and open and u € W&’p(U) with 1 <p < n,
ull Loy < CpgmullDull e o)

for every q € [1,p*] for some constant Cp qn.v-

Theorem 5.6 (4, Morrey’s inequality). Forn < p < oo,

H7“‘HC°”(R") < Kpn \UHWLP(JRn)

with some Ky p, for every u € C1(R™) and

yzl—ﬁ.
p

u* is the version of a given function u if u = u* a.e.
Theorem 5.7 (5). For U C R™ bounded and open, OU € C', n < p < oo, u € W'P(U), and u
having version u* € C%V(U) with v =1 — %,
[u*llcon@) < Comullullwrew)
for some constant Cy,, 1.

Theorem 5.8 (1, Poincare’s inequality). For U C R™ bounded, connected, and open, OU € C!,

1<p< oo, ,
7 L

for every function u € WHP(U) for some constant Ch,pp.

Theorem 5.9 (4). For U C R™ open and bounded and OU € C*,

< Cn,p,UHD“HLP(U)
Lr(U)

u is Lipschitz continuous <= u € WH(U).

Define the space H*(R") to be every function u € L*(R") with

(1+Iyl*) @ e L2(R").

13



6 Second-Order Elliptic Equations

Consider the initial-value problem

Lu=f inU,
u=0 on JdU,

and L a second-order partial differential operator having form

n

Lu:—Z(aij:vux —i—Zb’ (x)u.

i,j=1
The PDE L is uniformly elliptic if there exists 8 > 0 with

n

> al(@)gig; > 0)¢P

i,7=1

a.e. x € U and all £ € R”. One may characterize ellipticity by the matrix a”/ positive definite with
smallest eigenvalue at least 6.

The bilinear form B[, | associated with the divergence form elliptic operator L is given by
Blu, v] /Za Ug,; Vg +szuxv+uvda:
i, j=1

for u,v € H)Y(U).
A weak solution of the boundary-value problem above u € H& is defined by

Blu,v] = (f,v)
for all V € HE(U).
Theorem 6.1 (2). There exist o, f >0 and v > 0 with
1Blu, o]l < allull gy oy

and
6HUI|H1 < Blu,u] + 7llulZ2 )

for all u,v € H}(U).

Theorem 6.2 (3). There exists v > 0 such that for u > v and f € L*(U), there exists a unique
weak solution u € H}(U) of the boundary-value problem posed above.

The adjoint of L, L*, is given by

n n
*
L*v = — E jvx )z g b Vg, + E bi ;v
i, j=1 i=1

Theorem 6.3 (4, Fredholm alternative). For every f € L(U), there exists a unique weak solution
u of the boundary-value problem above if and only if there does not exist a weak solution u £ 0 of
the corresponding homogenous problem.

14



Theorem 6.4 (5). There exists an at most nondecreasing countable set ¥ C R such that the

boundary-value problem
Lu=XMu+f U,
u=20 on OU,

has a unique weak solution for each f € L*(U) <= X ¢ X.

Theorem 6.5 (3, Strong maximum principle). For U C R™ connected, open, and bounded, u €
cC*U)YNCW), andu=0 in U,

Lu (€£V>)0inU and maxu = maxu = Du=01inU.
U

Theorem 6.6 (3, Principal eigenvalue for nonsymmetric elliptic operators). There ezists a real
eigenvalue A1 for L with zero boundary conditions and Re(X) < A1 for any other eigenvalue \. The
corresponding eigenfunction wy is positive within U, and Ay is simple, meaning any solution u of
the boundary problem posed is a multiple of wi.

7 Linear Evolution Equations
Consider the parabolic initial /boundary-value problem

ur+Lu=f in Up,
u=0 on U x [0,T],
u=g on U x {t =0},

for L a second-order PDO for each time ¢.

A PDO P
a—FL

is uniformly parabolic if there exists 6 > 0 such that

n

> al(x,t)&&; > 0|¢

i, 7=1

for all (x,t) € Up, £ € R™.
A function
ue LX0,T; Hy(U)), ' e L*(0,T;H '(U))

is a weak solution of the parabolic boundary-value problem posed if
(u’,v) + Blu,v; t] = (f,v)
for every v € H}(U) and a.e. 0 <t < T, and
u(0) = g.

Theorem 7.1 (2). There exists a constant Cy .1, such that
onax. [ ()l 22 @) + 1amll 20,7513 0)) + 10l 20051 w)) < Coze (Ellz2 02wy + l9llz2 @)

formeZy.
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Theorem 7.2 (3,4). There exists a unique weak solution to the posed initial/boundary-value prob-
lem.

The essential supremum of f, denoted
ess f
is defined as the supremum of f such that the measure of f~}(X) = ess f has m(X) > 0.

Theorem 7.3 (6, Higher regularity). For g € H?>"+1(U), % € L*(0,T; H*2k(U)), k € [m],
and

90 =g € Hy(U),

g1 =f£(0) — Lgo € H}(U),

gm = T 2E(0) — Lgom—1 € HY(U)

we have
dFa Im+2—k
and
m+1 k m k
d"u d*f
Z s < CnurL (Z Tk + H9HH2m+1(U)>
o L2(0, T; H2m+2=k(U)) k=0 L2(0, T5 H2m=2k(U))

for some constant Cy, u,T,L-

7.1 Hyperbolic
Define he initial/boundary-value problem

upg + Lu=f in Ur,
u=20 on oU x [0,T],
u=g, uy=h onU x{t=0},

where L is a second-order partial differential operator at each time t.
A PDO

is uniformly hyperbolic if there exists 8 > 0 such that

n

> a¥(x, )6 > 0[¢f

i, j=1

for all (z,t) € Ur, £ € R™.
A function

uc L*0,T; HY(U)), u' € L*(0,T; L*(U)), v’ € L*(0,T; H ' (U))
is a weak solution of the hyperbolic initial /boundary-value problem posed if
(u”,v) + Blu,v; t] = (f,v)
for each v € H}(U) and a.e. 0 <t < T and

u(0) =g, u(0)=nh.

16



Theorem 7.4 (3,4). there exists a unique weak solution to the hyperbolic initial/boundary-value
problem posed.

Consider systems of linear first-order partial differential equations of the form
n
w+ Y Bju,, =f (inR"x(0,00), u=g (onR"x{t=0}).
j=1

The system of PDEs above is hyperbolic if B(z, t; y) € R™*™ is always diagonalizable.
A function
uc L?(0,T; HY(R™;R™)), u’ € L*(0,T;L*(R™;R™))

is a weak solution of the initial-value problem above for the symmetric hyperbolic system if
(u',v) + Bu,v; t] = (f,v)
for each v € HY(R";R™) and a.e. 0 <t < T and
u(0) =g.
Theorem 7.5 (1). For every e > 0, there exists a unique solution u® of

uf —eAu+ 370 Bjug =f  in R x (0,77,
u = g* on R" x {t =0},

with
u’ € L*(0,T; H3(R™;R™), u® ¢ L*(0,T; HY(R™;R™)).

Theorem 7.6 (3,4). There exists a unique weak solution to the posed system of PDEs.
A family of bounded linear operators over X, {S(t)}+>0 with
S(O0)u=u and ¢t~ S(f)u continuous into X

is a semigroup.
A contraction semigroup is a semigroup with

1S < 1.

Define the infinitesimal generator of the semigroup {S(t)}+>0 A : D(A) — X by

D(a):{u€X| limS(t)?_ueX}

t—0t

and

making D(A) the domain of A.

Theorem 7.7 (2). The domain D(A) is dense in X, and A is a closed operator.
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A X € R belongs to p(A), the resolvent set of A, if
M—-A:DA) —- X
is invertible. The resolvent operator is then defined by
Ryu=(\ — At

Theorem 7.8 (4, Hille-Yosida). For A € L(X) closed and densely-defined, A is the generator of
a contraction semigroup {S(t)}+>0 iff

(0,00) C p(A) and ||Ry|| <

> =

for X > 0.
Theorem 7.9 (5,6). The operator A generates a y-contraction semigroup {S(t)}+>0 on L*(U) and
on H}(U) x LA(U).

8 Calculus of Variations

Define the class of variational problems as PDE of the form

where A[-] is the “derivative” of an “energy” functional.
A Lagrangian L is null if the system of Euler-Lagrange equations

= (Lpf(Du, u,x)>$_ Y LYK(Duu,z)=0 inU, ke [m),
i=1 ¢

is automatically solved by all smooth functions u.

Theorem 8.1 (1). For L a null Lagrangian and u, u € C*(U,R™) with
u=u ondU,
I[u] = I[a].

Define the cofactor matrix of A € R™*", cof A, by the matrix where (k,4)™ entry has
(cof A)¥ = (=1)"**d(A)F for
d(A)k = det M,

where M is the (n — 1) x (n — 1) matrix obtained by deleting the k'"-row and i*"-column from A.

Theorem 8.2 (2).
L(P)=detP (PeR"™™)

1s a null Lagrangian.

Theorem 8.3 (3, Brouwer’s Fixed Point). For u : B1(0) — B1(0) continuous, there exists x €
B1 (0) with
u(z) = .

18



For 1 < g < oo, constants a > 0, 8 > 0 with
L(p,z ) > alp|! - B
for all p € R"”, z € R, and = € U, we have
Iw] > al|Dwld, )~
for v = B|U|, the coercivity condition on I[-]. The class of admissible functions w is thence
A={we WY (U) | w =g on dU by trace}.
For

m = ini][w]k Iug] - m as k — oo,
we

{ur}72, is a minimizing sequence.
A function I[-] is sequentially weakly lower semi-continuous on Wh4(U) if

up — u weakly inWh(U) = Iu] < likm inf Iug].
—00

Theorem 8.4 (1). For L bounded from below and p — L(p, z,x) convez for each x € R, and x € U,

I[] is weakly lower semi-continuous on W4(U).

Theorem 8.5 (2). For L satisfying the coercivity condition and convex in p with nonempty admis-
sible set A, there exists u € A with
I[u] = min I'[w].
weA
A u € A is a weak solution of the boundary-value problem

— > (Lp,(Du,u, )y, + Lo (Du,u,z) =0 in u,
u=yg on OU,

if
/ Z Lpi (Du7 u, .I')Uxi + Lz(DU, u, 37)7) dr =0
U=t
for all v € W, (V).

A Lagrangian
L(P,z,z) = F(P, det P, z,x)

is polyconvex if
(P,r)— F(P,r,z,x) is convex for each fixed z € R™, z € R™.
Theorem 8.6 (8). For n < ¢ < oo and L bounded below and polyconvet,
I[] is weakly lower semi-continuous on Wh4(U; R™).

Theorem 8.7 (2, Lagrange multiplier). For u € A with I[u] = min,ea I[w], there exists A € R

with
/Du-Dvdm—/\/ g(u)v dz
U U

for all v € H}(U).

19



Theorem 8.8 (4). For u € A the unique solution to I[u] = min,e4 I[w],

/DuD —udm>/f w—u)

for all w € A; this is a variational inequality.

The restriction
u>h,—Au>f ae. inU,
—Au=f on UN{u>h},

is the free boundary.
Consider now the energy minimization problem over

1
I[W]:/ |Dw|? dx
2 Ju
for
A={wec H(U;R™) |w =g on 9U, |w|=1a.e.},

a harmonic map.

A functional I € C1(H;R) satisfies the Palais—Smale compactness condition if every se-
quence {u,}%2, C H has functional sequence {I[uy|}32, bounded and I'[ux] — 0 in H is pre-
compact in H.

Theorem 8.9 (2, Mountain Pass). For I € C satisfying the Palais—Smale condition, 1[0] = 0,
the ezistence of constants r, a > 0 with I[u] > a when ||u|| = r, and an element v € H with ||v|| > r
and Iv] <0,

= inf I
¢=nf max Ig(®)

s a critical value of I, where

I'={geC([0,1];H) | g(0) =0, g(1) = v}.

9 Nonvariational Methods

A vector field a with
(a(p) —a(g)) - (p—q) =20

for all p, ¢ € R" is monotone.
Theorem 9.1 (1, Banach’s Fixed Point). For a nonlinear mapping A a strict contraction, i.e.,
[Afu] — Alall] < 7l[u —a

for some v < 1,
A has a unique fized point.

@ € H*(U) is a weak supersolution of the nonlinear Poisson equation if

/UDfL-DUd:UZ/Uf(ﬂ)vdx

for each v € H}(U), v > 0 a.e.
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An open U C R" is star-shaped with respect to 0 if {\z | 0 < A < 1} lies in U for each z € U.
A function I : H — (—o00, 0] is lower semi-continuous if

up = u = Iu] Sligninf[[uk], (ueH).
—00

Such an [ is proper if its image does not include co.
For I convex and proper,

Olu] ={veH| Iw] > Iu]+ (v,w—u) Yw € H}.

The mapping I : H — 2" is the subdifferential of I.
For A > 0 the nonlinear resolvent Jy :H — D(0I) is defined by

J)\[w} =u,

where u the unique solution of w € u + AJI[u).
For A > 0 the Yosida approximation Ay : H — H is defined by

Ay[w] = w—;\A[w]

for all w € H.

Theorem 9.2 (Solution to gradient flow). For w € D(0I) there exists a unique
ue C([0,00); H), u € L*0,00;H)

with

u(0) = u,
u(t) € D(9I) fort >0, and
'(t) € —=0Iu(t)] for a.e. t > 0.

Theorem 9.3 (4).
D(dI) = H*(U) N H(U).

10 Hamilton—Jacobi Equations

The Hamilton—Jacobi equations are given by

ut + H(Du,z) =0 in R™ x (0, 00)
u=g on R" x {t =0}.

The vanishing viscosity variant is given by

uf + H(Duf,z) —eAu* =0 in R™ x (0, 00)
ut=g on R™ x {t = 0}.

A bounded and uniformly continuous function u is a viscosity solution of the above initial-
value problem for the Hamilton—Jacobi equation if

u=g on R™ x {t =0},
vi(xo, to) + H(Dv(xo, tp),x—) <0 if u — v has local max at (x¢,tp), and
ve(xo,t—) + H(Dv(xo,t0),z-) >0 if u — v has local min (xo, tp).
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11 Systems of Conversation Laws
A ue L*(R" x (0,00); R™) is an integral solution of the initial-value problem

u; +F(u); =0 in R x (0,00),
u=g on R" x {t =0},

//u-vt+F(u)~vxdxdt+/ g-vdx|—o=0
0 —00 —00

for all v.e D(U).
Consider the class of semi-linear systems having non-divergence form

u; +B(u)u, =0

with B € R™*™, Such a system is strictly hyperbolic if the eigenvalues of B(z) are real and
distinct for each z € R™. For k € [m] we consider the nonzero eigenvector 1;(z) for the matrix
B(z) ", corresponding to the eigenvalue Ax(z), so that

B(2) 'Ix(2) = A(2)lk(2),
where {1;(2)}}", are the left eigenvectors and {ry(z)};°, the right eigenvectors.

Theorem 11.1 (1). Foru a smooth solution of the strictly hyperbolic system above and ® a smooth
diffeomorphism with inverse ¥, the function i = ®(u) solves the strictly hyperbolic system

@; + B()i, =0 in R x (0,00)

for

B(2) = DO(V(2))B(®(2)) D®(%).

Theorem 11.2 (2). For the matriz function B smooth and hyperbolic, the eigenvalues A\i(z) depend
smoothly on z, and one may choose ri(z) and lx(2) to depend smoothly on z with

lri(2)], lk(2)] = 1.

11.1 Riemann Problem

For a fixed state z € R”, the k' rarefaction curve Rj(z) is the path of R™ of the solution of
the ODE

V(s) =rp(v(s))

which passes through zj.
The pair (Ax(z), Ri(2)) is genuinely nonlinear if

DXg(2) -ri(2) #0,

and is linearly degenerate if
D)\k9z) . rk(z) =0

for all z € R™.
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Theorem 11.3 (1). For some k € [m] with (A, 1)) genuinely nonlinear and u, € R} (), there
exists a continuous integral solution u of Riemann’s problem which is also a k-simple wave constant
along lines through the origin.

For a fixed state zg € R™, the shock set is given by
S(z0) = {z € R™ | F(z) — F(20) = 0(z — 2¢) for a constant o = (z, 20) }.
Theorem 11.4 (3). For k € [m] with (Mg, ry) linearly degenerate,
Ri(z0) = Sk(z0) and  o(z,20) = Me(2) = Ai(20) V2 € Sk(20)
for each zg € R™.
11.2 Systems of Two Conservation Laws
A w':R? - R is an i*"-Riemann invariant if
Dw'(z) is parallel to 1;(z)

for all z € R2, i # j.
Two smooth functions &, ¥ : R™ — R comprise an entropy/entropy-flux pair for the con-
servation law u; + F(u), = 0 if ® is convex and

D®(z)DF(z) = DP(2).

An integral solution u is an entropy solution of

u; +F(u); =0 in R x (0,00),
u=g on R x {t =0},

[e.e] o)
/ / ®(u)v + p(u)v, 'dedt >0,  for each v € CZ°(R x (0,00)),v >0
0 —00
for each entropy/entropy-flux pair (®, ¥).

Two smooth functions ®, ¥ : R — R comprise an entropy/entropy-flux pair for the conservation
law u; + F(u), = 0 if @ is convex and ®'(z)F'(z) = ¥'(z) for all z € R.
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