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1 Elementary

Theorem 1.1. The series and product
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are both divergent.
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Theorem 1.2 (4).
m(x) ~ 10233 as r — 00.

Definition 1.3 (Chebyshev).

z) =Y logp, (&)=Y logp  (z>0).
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Lemma 1.6 (von Mangoldt).
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The last equation is the generating function. ¢ (z) is thence the sum of the coefficients ¢, in

the expansion of —g((;)) Dirichlet’s series ) cn#.

Theorem 1.7 (via Abel).

log ((s) = 5/100 l;(fl) dx (s >1).

We start from

and

Lemma 1.8.

Theorem 1.9.

logp 1 ( 1 )
=logx + O(1), —=logloge +B8+0 | — |,
> , g (1) Zp glogz + 8

log
p<x p<z

Theorem 1.10 (8).
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is an analytic continuation over the half-plane o > 0 as a single-valued function having as its only

singularity in this half-plane a simple pole at s = 1 with residue 1.

Theorem 1.11 (9). For ¢ € (0,1),

1) [¢(s)] < Alogt  (0>1, t>2),
2) |¢'(s)] < Blog?t (¢>1, t>2),

3) |¢(s)] < Cstt =0 (o0 >4, t>1).

Theorem 1.12 (10).
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uniformly for o > 1 as t — oo.

Theorem 1.13 (11).

1(x) ~ %$2

as r — Q.

Definition 1.14.

Y (z) = /(f Y(u) du = /jwu) du="> (x—n)A(n)

n<zx



Theorem 1.15 (B).

L c+o001t ys ds 0 (y < 1),
270 Joooi S(s+1)---(s+ k)

Theorem 1.16 (14).

Theorem 1.17 (15).

has
1
(1 —s)=¢&(s), €0)=¢&(1) = -, and is realforazi.
Theorem 1.18 (Prime Number).

xT

m(x)

~ , 1.e., Pp~nlogn
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as r — OQ.

Theorem 1.19 (Functional Equation).

¢(s) =2 (2m)* tsin <g3> (1 —s)¢(1-2s),

£(s) = (s — D3 (3) ().

Theorem 1.20. For f(z) regular in |z — zo| < R with at least n zeros in |z — zo| <r (< R),
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if f(z0) # 0.
Theorem 1.21. For -
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regular in |z — zo| < R with Re[f(z)] < M,

o < L= Relal)
and whenever |z — zp| <1 < R,
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for all v.



The exponent of convergence 7 of a sequence {|a,|}; is given by

T—inf{a\z|1|a<oo}.
Qn,

Theorem 1.22. The order w of an integral function

defined by
log log max,|—, |G(2)|

w = limsup
r—00 10g r

has
w = max{7,deg H(2)}.

Further, if T < deg H(z), or ), ﬁ converges,
log sup |G(z)| € © (rmaX{T’h}>
|z|=r
as r — 0o.

Theorem 1.23 (17).

1
log (hmsup |§(s)|) ~ L 02g7“
|s|=r

as r — oQ.

Theorem 1.24 (18). {(s) has infinitely many zeros p. 3_ , |p|™* is convergent for a > 1 and
divergent for a < 1. The Weierstrass product for £(s) has form

- (s ) )

p

Theorem 1.25 (19). ((s) has no zeroes in

a

14
g log(|t] + 2)

for some a € Ry.

Theorem 1.26 (20). For ((s) having no zeros in the domain o > 1 —n(|t]), n(t) decreasing and
of continuous derivative,

2) n'(t) =0 ast — oo, and
3) %G@logt) ast — oo,

we have .

Z(s) =40, (log2 \t\) uniformly in o > 1 — Bn(|t])

as |t| = o0, a € (0,1).



Theorem 1.27 (22). For n(t) as above,

v@) =2+ 0 (ven { o)} )

() = li(z) + O (m exp {—ggo(x)}) ,

with

p(x) = min (n(t) log z + log )
as r — oo.
Theorem 1.28 (24).

o(x) €O <\/logxloglog:v> :

2 Explicit Formulae

Theorem 2.1 (25). The number of zeros of ((s) in the rectangle [0,1] x [0, K], Z(K), has
Z(K)=KlogKk — K+ O(log K)

for K =% as K — o0.

Theorem 2.2 (26). There ezists a sequence of numbers {T,,} withn < T, <n+1 and

o)

c €0 (log2 Tn)

for o € [-1,2].
Theorem 2.3 (27). Ezcepting for s in the balls of half radius centered at every trivial zero of C,

!/

Z(S) € O (log(|]s| + 1)) .
Theorem 2.4 (G). Forc >0,y >0
ctoot s 0 1),
1 +oot y B . (y f )
o S ds=4 5 (y=1),
c—001 1 (y > 1)‘

Theorem 2.5 (30). For the upper bound n of the real parts of zeros of ((s),

1) i(z) = %a:2 +0 (:c”“)
2)  (a) =+ O (e logla)
3) w(z) =li(z)+ O (z"logx).

Theorem 2.6 (31).
n=inf{a|Y(z) —z=0(=")}.



3 Irregularities

Definition 3.1 (Oscillation).
. flx)—z
f(x) +(z) <= 0< 1§Cn sup 7 log log log

Theorem 3.2 (34).
Y(z) — = Q4 (Vologloglogz) .

as r — Q.
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